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Abstract: In the present paper we have studied basic analogue of Appell’s hypergeometric functions called q-
Appell functions and expressed these functions ¢*, ¢ &> in terms of definite integrals. Also certain transformation
formulae have been obtained related to these functions. Some special cases have been also discussed.
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1. INTRODUCTION

The basic analogue of Appell’s hypergeometric functions of two variables were defined and studied by Jackson [1].
Agarwal [2] also studied these functions and gave some general identities involving these functions. Andrews [3] also
worked upon these functions and showed that the first of the Appell series can be reduced to a @, series.

Bhaskar and Shrivastava also defined bibasic Appell series and obtained summation formulae, integral representation and
continued fractions for these functions .Yadav and Purohit [4] employed the g-fractional calculus approach to derive a
number of summation formulae for the generalized basic hypergeometric functions of one and more variables in terms of
the g-gamma functions.

Apart from Jackson’s initial work, Agarwal developed some properties of basic Appell series and Slater [5] applied
contour integral techniques to such series and observed that there was apparently no systematic attempt to find summation
theorems for basic Appell series. Sharma and Jain [6] showed that g-Appell functions can be brought within the purview

of Lie-theory by deriving reduction formulae for g-Appell functions namely ®'and ®? using the dynamical symmetry
algebra of basic hypergeometric function ,®;.

Definitions and preliminaries:

In this chapter, we use the following definitions and preliminaries based on the text by Gasper and Rehman [7] which are
given as follows:

(a; 9) = (1- @) (1-aq) (1-aq’)... (1-aq™)

And (a),, = lim,,_,.(a),
limg_;(q;q)y, =(1), =n! ,and (a;q)=1

1 © o (@m+n (B)m(b)n
a;b;bexyl =Y 02 g xMy"
! yl m=0 Zn-0 @n@n©@men Y
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2 ’ 4 (@m+n (M)m(b)n
a;b;b;c;c,x; =3y®_y® IR L SR aMmygn
ol y] m=0 Xin-0 @m@aOm@n > Y

3 4 (@)m@)n(b)m((b)n
a;a;b;b;cxy] =)0 _o )y AR Sl My
¢l Y11= Zmn-0Z0-0" (g @n©@mrn ¥ Y

4 ' 0 © @m+n(B)m+n m,,n
a;b;c;c;xy|l = 0 2n=0 e — X
¢l yl m=0 Ln=07g) o) Om(@n Y

withsame convergence regions as for the ordinary Appell’s hypergeometric functions, and with even sharper convergence

when [g< 1, [1].

2. INTEGRAL REPRESENTATION FOR BASIC APPELL’S HYPERGEOMETRIC FUNCTIONS

In this section, by using the definition of g-integral, we express the basic Appell functions q)l,cpz, ¢° in terms of double
integrals which takes the form of ordinary Appell’s hypergeometric functions as a limiting case.

2q (C)zq (c)
2q (b)2q(b)2q(c—b)2q(c’—b")

Theorem (2.1):¢ [a; b; b’; c; ¢, x; y]=

1 -1
f f w1 —ug) PN - v TP T - ux - vy) T d (W, (v),
0 J0

taken over the triangleeu >0, v=>0, u+v <1.

Proof:Taking L. H. S of theorem(2. 1), we have

2 ' o o @mtn®)m®In
a;b;b’;c;cx;y] = _ g ————m — xMyn(2.1
o yl m=0 Zn=0 @m@n©m©@n Y 21)

_rq(a+m)

Since, (a;q)m = a-qm

Tq (a)

Therefore,

BV (b)m _q (©)2q(€)eq(b+m)zq (b +n)
(©)m(cHn 2q(b)eq(b)zq(ctm)zq(c™+n)

_2q(©)2q(c)2q(btm)zq(b"+n) 2q(c—b)2q(c’—b")
" 2q(B)2q(b)eg(c+m)zg(c+n) 2q(c—b)eq(c’~b")

— 2q (c)zq ()
2q(c—b)2q(c’=b")z2q(b)2q(b")

B(b+m,c—b) B(b"+n,c’—b")

Now making use of g-beta function, we have

B by _ 2q(€)eq(c?)
©m(c)n 2q (C—b)zq (c™=b 32q (b)zq b9

1 1
fo ub+m—1(1 _ uq)c—b—l dq(u)J;) vb ’+n—1(1 _ vq)c'—b —1 dq(v)

— 2q (C)zq (c)
2q(c=b)2q(c’—b")zq(b)2q(b")

1,1
jo Jo ub+m—1(1 _ uq)c—b—l(l _ 1Jq)c’—b'—l vb'+"‘1dq(u)dq(v).

Using above result in (2.1), we get
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2q(€)2q(c?)
2q(c=b)zq(c™—b")2q(b)zq(b")

la;b;b’;c;c'x;y 1=

1,1 - — —b— —b'— © o (Dm+n
o Jo w1 T — u @)L — v ) B Do o ()™ (vy)" g (W (V).

Using series manipulation in above equation, we get

b1 R T 2q(€)2q(c) 101 p 1 p—17q _ c—b-17q9 _
¢ [a’ b; b ’ C, Cx, y]_Zq(C—b)Zq(C'—b')Zq(b)Zq(b’)fo fo u v (1 u‘I) (1

vgc'—b — 1m=0"n=0m@m@m@ntey)m—n(vy)ndqudq(v).

Thus, we get

2q(€)2q(c?)
2q(c—b)zq(c'—b)zq(b)2q(b")

la; b;b';c; c'x; y]=

1 1 _ o R s _
Jo Jo v A —u@) P (A — v TP — ux — vy) " d(w)d, (v).
This completes the proof of the theorem.
Similarly we can prove the following theorems

Theorem (2.2):

rq (b) rq (") rq (c—=b—b")
I'q (o)

$'[a;b;b’; c;x;y]

1 1
= f f uP P (1 —u - V)PP —ux — vy) P dg (w)dg (V)
0 Jo

Taken over the triangle u=>0, v=0,u+v <1.

Theorem (2.3):

rq(b)rq(b’)rgq(c—b-b")
rq(c)

¢’la; a’;b; b5 ¢ x;y]

=f01 fol vt 1 (1 —u - V)PP (1 —ux) % (1 - vy)_“’dq(u)dq(v)'

Theorem (2.4):

rq (a) rq(c—a)
I'q ()

(bl[a; b;b’; c; x;y]
= fol w1 - u@)* (1 - ux) (1 — ux) ™ d, (w).

3. TRANSFORMATION FORMULAE FOR THE Q-APPELL FUNCTIONS:

In this section we have derived certain transformation formulae for the g-Appell functions.
Theorem (3.1):
(l)l[a; b;b’;cx;y]l =1 — y)_b'(])s[a; c —a; b,b’;cx, y]

1-y
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Proof:Taking the L. H. S of theorem (3.1), we have

1 0 © (a)m+n(h) (®)n
a;b;b';c;x; — B L ——m 7 4
¢ [ Y] m=0 Z“—o (@Dm@n(©m+n

i Z (@ @+ M)y D) (B,
(@ (@ (©m(c + m),

m=0 n=0

_ i @b, i @+ myb ,
L @n©n L @a(c+m),

© (a)m(b)m m ,
=0 (q)m(c)mx 2P1[b,a+m,c+m,y ]

— 00 (a)m(b)m m _ —b’ ’ _ —_y
= oo oo X" -y 291 bl e—actm ]

Hence,

pyeh b ¢ e =1 —v\P &H3a ¢ — - r -
d'[a;b;bcxy] =1-y)™ ¢ [a, c—ab,b ,c,x,l_y]
This completes the proof.
Similarly we can prove the following theorems
Theorem (3.2):
(])z[a; b; b; c,c’; x; y] =(1- x)_“(])z[a ;c—b,b;c, c’;l_—_’;,y]
Theorem (3.3):

1- y)“"q)z[a; bb’;c a; x,l_—_yy]
= ¢'[b;a—b’;bcxxA —y)]

Theorem (3.4):
¢ ‘labbicxyl =1-x0)"A-y)™ x

' -x =
(bl[c — a;b,b;c;—,—y .
1-x 1-y.

4. SPECIAL CASES

In this section, we discuss some of the special cases of the main results established in the previous section. As q—1, the
above results take the form of well-known transformation formulae of classical Appell functions F*, F? F* in terms of
definite integrals. The formulae given by [8] are as follows

P] TR A S, I r (©r(c) 101 b9 b—17q4 _ Ne=b-1[q _ NC—b'—1(q _ .o - N-a
4.1F [a,b,b,c,c,x,y]—r (b)r(b,)r(c_b)r(c,_b,)x fo fou vv (1 -u) 1-v) 1 -—ux—vy)™™ d(u)d(v).

, r (© 1,1 po1. b— —b—b— _
42 Fl[a’ b’ b’ c; x’ y] :W:(c_b_b')x fo fO ub 1Vb 1(1 —u-— V)c b—b 1(1 — ux — Vy) a d(u)d(V)

, , r(c) 11 . Chh _ .
4.3. Flab;bcxy] :m X fo Lo uP VT —u = V)PP (1 —u) T (1 - vy) " d(u)d(v).
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5. CONCLUSION

In this paper we have explored the possibility for derivation of some integral representation and transformation formulae
for basic hypergeometric functions of one and more variables, in particular the g-Appell functions, using certain
fundamental tools of g-fractional calculus. The results thus derived are general in character and likely to find certain
applications in the theory of basic hypergeometric functions. In this connection one can refer to the work of Baily [8] and
Sharma [6]
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